We use the middle convolution to obtain some old and new algebraic solutions of the Painlevé VI equations.
Introduction
A description of all irreducible and physically rigid local systems on the punctured affine line was given by Katz [7] . The main tool here-fore is a middle convolution functor on the category of perverse sheaves, loc. cit., Chap. 5. This functor is denoted by M C χ , for χ a one-dimensional representation of π 1 (G m ). It preserves important properties of local systems (resp. perverse sheaves) like the index of rigidity and irreducibility, but in general, M C χ changes the rank and the monodromy group.
In [3] , the authors give a purely algebraic analogon of the functor M C χ (the construction is reviewed in Section 2). This functor is a functor of the category of modules of the free group F r on r generators to itself. It depends on a scalar λ ∈ C × and is denoted by M C λ . Clearly, M C λ can be viewed as a transformation which sends an r-tuple (M r , . . . , M 1 ) ∈ GL r m to another r-tuple M C λ (M r , . . . , M 1 ) ∈ GL r n , where usually m = n. It is shown in [3] , that this transformation commutes with the action of the Artin braid group (up to overall conjugation in GL n ). It is this property, which makes the middle convolution functor M C λ useful for the study of the Painlevé equations.
The sixth Painlevé equation PVI α,β,γ,δ is a nonlinear differential equation, depending on 4 parameters α, β, γ, δ ∈ C :
It is well known, that PVI arises from isomonodromic deformations (Schlesinger equations), see [6] and [5] . This approach is recalled in Section 3. Using this approach, one can show that finite braid group orbits of triples in SL 2 (C) give rise to solutions of PVI with finite branching. It is expected, that these solutions are always algebraic, see [1] , P. 1012.
In this paper, we give a convolution approach to the "Klein solution" of PVI, studied by Boalch [1] , [2] . Originally, this solution is constructed using a braid invariant map ϕ from triples of pseudo reflections in GL 3 (C) to triples in SL 2 (C). This map is applied to a generating triple of reflections of the complex reflection group associated to Klein's simple group of order 168. Since the order of this group is finite, the generating triple gives rise to a finite braid orbit, from which the existence of an algebraic solution of PVI is derived.
We show that the transformation ϕ is obtained from a suitable middle convolution and scaling. Thus a new approach to the Klein solution is given. Then it is shown, how to obtain new algebraic solutions for PVI by starting with tuples in GL 2 (C). Moreover, we give an example of an algebraic solution which arises from a rational pullback but cannot be obtained from the middle convolution. One may ask whether all algebraic solutions of PVI arise either by middle convolution and scaling or from a rational pullback.
The organization of the paper is as follows: In Section 2, we recall the definition and the basic facts of M C λ . Section 3 is concerned with some well known facts about Painlevé equations, isomonodromic deformations and braid orbits. Section 4 recalls Boalch's map ϕ and gives the connection to M C λ . Finally, in Section 5 we give some new examples of algebraic solutions of P V I , using the convolution.
The middle convolution functor MC λ
In this section, we recall the algebraic construction of the convolution functor M C λ , defined in [3] and [4] .
We will use the following notations and conventions throughout the paper: Let K be a field and G a group. The category of finite dimensional left-Gmodules is denoted by Mod(K[G]). Mostly, we do not distinguish notationally between an element of Mod(K[G]) and its underlying vector space. Let F r denote the free group on r generators f 1 , .
We set C λ (M) := (N r , . . . , N 1 ). There are the following N 1 , . . . , N r -invariant subspaces of V r :
and
Suppose that V has no 1-dimensional factors and/or submodules with the property that only one (or none) of the M i act non-trivially.
(ii) If λ 1 , λ 2 ∈ K × such that λ 1 λ 2 = λ and ( * ) and ( * * ) hold for V, then 
. . , g 1 ), i = 1, . . . , r − 1.
For any β ∈ B r there exists a B ∈ GL(V
where B acts via component-wise conjugation.
Proof: (i)-(iv) follow analogously to [3] , Lemma 2.7, Lemma A.4, Theorem 3.5, Corollary 3.6 and Theorem 5.1 (in this order). 2
A Jordan block of eigenvalue α ∈K and of length l is denoted by J(α, l). The following Lemma is a consequence of [3] , Lemma 4.1:
r such that M satisfies ( * ) and ( * * ). Let λ ∈ K × and M C λ (M) = (Ñ 1 , . . . ,Ñ r ). 
The only other Jordan blocks which occur in the Jordan decomposition of N i are blocks of the form J(1, 1).
(ii) Every Jordan block J(α, l) occurring in the Jordan decomposition of M r+1 contributes a Jordan block J(αλ, l ′ ) to the Jordan decomposition ofÑ r+1 , where
The only other Jordan blocks which occur in the Jordan decomposition of N r+1 are blocks of the form J(λ, 1).
Remark 2.4 A geometric interpretation of the middle convolution can be given as follows, see [4] : Let X = C \ {a 1 , . . . , a r },
. . , r, x = y}, p i : E → X, i = 1, 2, be the i-th projection,
j : E → P 1 (C) × X the tautological inclusion andp 2 : P 1 (C) × X → X the (second) projection onto X. Moreover, let L λ denote the Kummer sheaf associated to the representation, which sends a generator of π 1 (C × ) to λ. Let F be a local system on X, corresponding to a tuple M := (M r , . . . , M 1 ) ∈ GL m (C) r (by a choice of a homotopy base) and let λ ∈ C × \ 1. Then, under the assumptions of Thm. 2.2, M C λ (M) corresponds to the higher direct image sheaf
(under the same choice of homotopy base as before).
Painlevé VI and the braid group orbits
It is well known, that PVI arises from isomonodromic deformations as follows, compare to [6] and [5] : Consider Fuchsian systems
where A i ∈ SL 2 (C). It is well known, that the isomonodromic deformations of the system (1) are described by the Schlesinger equations
and let O i denote the adjoint orbit, containing A i . Let M be the quotient of
modulo overall conjugation by SL 2 (C), let B := C 3 \ diagonals and consider the trivial fibre bundle M := M × B → B. Since the Schlesinger equations are invariant under overall conjugation, they give rise to the isomonodromy connection ∇ on the fibre bundle M → B.
For C := (C 1 , . . . , C 4 ), C i := exp(2π √ −1O i ) and (a 1 , a 2 , a 3 ) ∈ B, consider the set Hom C (π 1 (C\{a 1 , a 2 , a 3 }), SL 2 (C))/SL 2 (C) where a simple (counterclockwise) loop around a point a i is mapped into C i and a simple (clockwise) loop around the set {a 1 , a 2 , a 3 } is mapped into C 4 . When (a 1 , a 2 , a 3 
by fixing a homotopy base of
. . , g 4 ] ∈ N (C) denote the equivalence class of (g 1 , . . . , g 4 ). By completeness, there is a unique global section of ∆ through any point P ∈ H. Moreover, the analytic continuation of a section through [g 1 , . . . , g 4 ] ∈ N (C) along a closed path γ at (a
γ , where the (pure) braid group
) acts as a subgroup of the full Artin braid group on tuples of matrices as in Thm. 2.2, (iv). Thus, sections of ∆ with finite branching correspond to finite braid group orbits of the set N (C).
One has a natural map of fibre bundles
which is induced by taking the monodromy of a Fuchsian system. By construction, the isomonodromy connection on M is the pullback of ∇. Thus, finite branching sections of ∇ correspond to finite braid group orbits on N (C).
The inclusion ι : C \ {0, 1} ֒→ B, t → (0, t, 1), induces an inclusion π 1 (C \ {0, 1}) → B 3 . Let P 3 be the image of this map. It is well known, that the Painlevé equation PVI arises from ∇ by restricting the singularity positions to (0, t, 1), by a suitable choice of local coordinates of M and by a parameter elimination. Thus, finite branching solutions of PVI are obtained from finite branching solutions of ∇, which correspond to finite braid group orbits on N (C). It is expected, that these solutions of PVI are always algebraic, see [1] , P. 1012. 
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